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1|Introduction  

The logistic growth equation has long been recognized as a cornerstone in mathematical modeling of 

population dynamics, epidemiology, ecology, and diffusion processes in complex systems. Since its 

introduction by Verhulst [1], the logistic paradigm has been applied to diverse contexts ranging from 
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Abstract 

Transportation is one of the most important aspects of human activity, supporting various social and economic 
transactions. Meanwhile, in order to remain competitive, freight transportation businesses and logistics providers 
must deliver high-quality, dependable, and effective services. The effective design of the service network in this 
industry necessitates strategic and tactical decisions regarding service frequency, optimal route selection, and 
market share allocation among companies. In this study, we have examined the static competition between two 
transportation companies by utilizing a Mixed Programming -Integer Nonlinear (MINLP) model. The 
competition is studied by calculating the entrant’s service frequency and each company’s market share using a 
logit function. In this type of competition, the incumbent’s decisions about route selection and frequency 
determination are known beforehand, and our goal is to maximize profits for the new market entrant. 
Additionally, a number of constraints have been taken into account, including route capacities, the maximum 
allowable frequency on each link, and penalty costs associated with the incomplete utilization of route capacities. 
To evaluate and validate the model, real-world data from the Iranian Road Maintenance and Transportation 
Organization has been employed. Furthermore, in the sensitivity analysis phase, the impacts of changing the 
values of important parameters on the model's outputs were evaluated. This investigation aims to improve 
understanding of the system's dynamics and clarify how these factors influence optimal decision-making 
processes.  
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  biological proliferation and tumor growth to socio-economic diffusion and ecological competition. The 

classical model assumes that 

the growth rate depends on both the current population size and the remaining environmental capacity. While 

this formulation has proven remarkably versatile, it relies on a smooth and memoryless notion of time, which 

often fails to capture the behavior of real-world systems influenced by hereditary traits, long-term memory, 

or irregular temporal structures. 

Classical differential equations encode local-in-time dependencies, implicitly assuming that the system's future 

is shaped exclusively by its present. In many natural and engineered systems, however, processes are path-

dependent: past states and rates influence current trends via slow decay kernels, thresholded responses, or 

structured delays. As a result, convergence to equilibrium may be slower, transient regimes can be smoother 

or multi-phased, and the apparent capacity can evolve dynamically. Fractional calculus provides nonlocal 

operators that generalize differentiation to noninteger orders, embedding memory via convolution with 

power-law kernels. This framework has achieved notable success in modeling anomalous transport, 

viscoelasticity, and long-memory processes by replacing instantaneous rates with history-dependent ones [2], 

[3]. Yet, while fractional derivatives capture temporal memory, they typically assume a uniform time axis. 

Many systems also exhibit irregular or fractal-like temporal organization-bursty activity, intermittent phases, 

and heterogeneous clocks-where the effective "geometry" of time deviates from smooth Euclidean structure. 

To address this duality, fractal-fractional derivatives combine nonlocal memory with a fractal measure of time, 

enabling models to simultaneously encode hereditary effects and local scaling irregularities. In the Caputo-

type fractal-fractional formulation, the operator integrates a power-law memory kernel (parameterized by the 

fractional order α ∈ (0,1]) with a Hausdorff-inspired fractal index β ∈ (0,1] that reshapes the temporal metric. 

The resulting dynamics reflect both how strongly the past weighs on the present and how temporal increments 

are effectively stretched or compressed by a nonuniform geometry. This framework has been leveraged to 

study chaotic oscillators, anomalous diffusion, and epidemic processes with heterogeneity in contact patterns 

and reporting delays, illustrating its capacity to bridge local scaling anomalies with nonlocal memory in a 

unified calculus [4–6]. 

Recent advances further highlight the relevance of fractional and fractal-fractional operators in logistic-type 

models. Ahmed et al. [7] developed Runge-Kutta-based schemes for fractional logistic growth, demonstrating 

improved accuracy and stability in capturing biological dynamics. Moumen et al. [8] extended fixed-point 

theory to fractional logistic equations, establishing existence and uniqueness results under generalized 

contraction mappings. Stempin and Sumelka [9] proposed approximation techniques for variable-order 

Caputo derivatives, enabling flexible modeling of systems with evolving memory strength. Adak et al. [10] 

applied fractional calculus to epidemic models, incorporating optimization techniques to better capture 

disease transmission with memory effects. Finally, Armstrong and Vicol [11] investigated anomalous diffusion 

via fractal homogenization, illustrating how fractal structures reshape transport and dissipation, with 

implications for logistic-type growth in heterogeneous environments. 

In this study, we apply a Caputo-type fractal-fractional derivative to the logistic growth equation and introduce 

a numerical method to solve it. By varying α (memory) and β (fractal geometry), we examine their combined 

impact on population dynamics. The resulting model offers a smooth and versatile extension of both classical 

and fractional approaches. Our contributions include: 1) a dimensionally consistent convolution scheme 

tailored to fractal-fractional operators, 2) a simplified L1-style discretization 

for computational efficiency, and 3) a systematic exploration of how α and β jointly modulate transient 

behavior and saturation delay. Beyond methodological novelty, the framework provides a prototype for 

simulating growth processes in biology, epidemiology, and socio-economic systems where memory and 

fractal-like temporal structures are indispensable. 
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2|Preliminaries 

2.1|Operators 

Fractional calculus generalizes the notion of differentiation and integration to noninteger orders, providing a 

powerful framework for modeling systems with memory and hereditary properties [2], [3]. Among the various 

definitions, the Caputo fractional derivative is particularly popular due to its compatibility with classical initial 

conditions. For a function f: [0, T] → ℝ, the Caputo derivative of order α(0 < α ≤ 1) is defined as 

where Γ(⋅) denotes the Gamma function. This operator is nonlocal, meaning that the derivative at time t 

depends on the entire history of f(τ) for τ ∈ [0, t]. Such nonlocality is crucial for capturing memory effects in 

viscoelasticity, anomalous diffusion, and biological growth processes [12], [13]. 

To further incorporate irregular temporal structures, Atangana introduced the concept of fractal-fractional 

derivatives [4]. Let f(t) be differentiable in an open interval (a, b). If f is fractal differentiable with order β, 

then the Caputo-type fractal-fractional derivative of order α with a power-law kernel is given by 

Here, β reshapes the temporal axis, effectively introducing a fractal geometry of time. This operator thus 

unifies two essential features: Memory (via α ) and irregular scaling (via β ). Recent studies have applied such 

operators to epidemic modeling [10], anomalous transport [11], and variable-order systems [9]. 

2.2|Logistic Model (Main Equation) 

The logistic growth equation is a classical model describing constrained growth under limited resources. For 

the state variable X(t), the governing dynamics are given by 

(Classical integer-order) 

(Fractional Caputo) 

with initial condition X(0) = X0 ∈ (0, K) and parameters ρ > 0 (intrinsic growth rate) and K > 0 (carrying 

capacity). 

Eq. (1a) represents the classical logistic law introduced by Verhulst [1]. Eq. (1b) extends the model by 

incorporating fractional memory through the Caputo derivative, allowing the system to reflect hereditary 

effects and delayed saturation [7], [8]. Finally, Eq. (1c) introduces both fractional memory and fractal temporal 

geometry, enabling the model to capture smoother transients and irregular convergence patterns observed in 

real-world processes [14]. 

3|Discussion 

The inclusion of fractional and fractal-fractional operators in logistic dynamics provides several advantages: 

 CD0+
α f(t) =

1

Γ(1 − α)
∫  

t

0

(t − τ)−αf ′(τ)dτ, (1) 

CFFCFD
0+
α,β

f(t) =
1

Γ(1 − α)
∫  

t

0

(t − τ)−αDβf(τ)dτ, Dβf(τ) ≡
df

d(τβ)
  

dX

dt
 = ρX(t) (1 −

X(t)

K
) ,  (1a) 

CCD0+
α X(t) = ρX(t) (1 −

X(t)

K
) , 0 < α ≤ 1, (1b) 

 CFFD
0+
α,β

X(t) = ρX(t) (1 −
X(t)

K
) , 0 < α, β ≤ 1, (1c) 
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  I. Memory effects: Fractional derivatives allow the system to retain influence from past states, crucial for 

biological and epidemiological modeling. 

II. Fractal time geometry: The fractal index β modifies the effective pacing of time, capturing bursty or irregular 

growth patterns. 

III. Numerical schemes: Recent work has developed Runge-Kutta and convolution-based discretizations for 

fractional logistic equations, ensuring stability and accuracy [7]. 

IV. Applications: Models with α and β parameters have been applied to epidemic spread, tumor growth, 

ecological succession, and socio-economic diffusion [8], [10]. 

Thus, the preliminaries establish the mathematical foundation for our study: the logistic equation under 

classical, fractional, and fractal-fractional formulations. This framework enables systematic exploration of 

how memory and fractal geometry jointly shape growth dynamics, providing a versatile prototype for complex 

systems. 

3|Existence and Uniqueness Analysis 

3.1|Problem Formulation 

Consider the fractal-fractional logistic equation 

with initial condition X(0) = X0, where 0 < α, β ≤ 1 and ρ, K > 0. The fractal-fractional derivative operator is 

defined as [15], [16]. 

Here, β introduces a fractal scaling of the temporal axis, while α represents the fractional order of 

differentiation. 

3.2|Equivalent Integral Formulation 

To analyze the existence and uniqueness of solutions, we transform the initial value problem into an 

equivalent integral equation. Applying the inverse operator of  CFFD
0+
α,β

, we obtain [4]: 

Lemma 1. The initial value problem for Eq. (2) is equivalent to the nonlinear Volterra integral equation 

where F(X) = ρX(1 − X/K) and the kernel K(t, τ) is given by 

Proof: The proof follows from the definition of the inverse fractal-fractional operator [4] and properties of 

fractional integrals [3]. 

Remark 1. The kernel (5) exhibits a weak singularity at τ = t due to the term (t − τ)α−1 with 0 < α < 1. To 

ensure integrability, we assume the condition 

 

CFFCFD
0+
α,β

X(t) = ρX(t) (1 −
X(t)

K
) , t > 0. (2) 

CFFα,βD
0+
α,β

(t) =
1

Γ(1 − α)
∫  

t

0

  (t − τ)−αDβf(τ)dτ, Dβf(τ) ≡
df

d(τβ)
.  (3) 

X(t) = X0 + ∫  
t

0

 K(t, τ)F(X(τ))dτ, t ∈ [0, T], (4) 

K(t, τ) =
β

Γ(α)
[tβ−1(t − τ)α−1 − (β − 1) ∫  

t−τ

0

  (u + τ)β−2uα−1du]. (5) 

α + β > 1. (6) 
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  Which guarantees that K(t, τ) ∈ L1([0, T] × [0, T]) based on properties of fractional integrals [3], [17]. For β =

1, the kernel reduces to a form associated with non-singular fractional operators [18]. 

3.3|Local Existence and Uniqueness 

Let C[0, T] denote the space of continuous functions on [0, T] equipped with the supremum norm ‖X‖∞ =

sup
t∈[0,T]

 |X(t)|. Define the operator 𝒯: C[0, T] → C[0, T] by 

Fixed points of 𝒯 correspond to solutions of Eq. (4). The nonlinearity F is locally Lipschitz continuous. For 

the logistic nonlinearity, for any bounded set B ⊂ ℝ, there exists a constant LB such that 

Where 

Theorem 1 (local existence and uniqueness). Assume Condition (6) holds. Then, for sufficiently small T >

0, the operator 𝒯 is a contraction on C[0, T]. Consequently, the fractal-fractional logistic equation admits a 

unique continuous solution on [0, T]. 

Proof: Under Condition (6), the kernel K(t, τ) is bounded, i.e., there exists M > 0 such that |K(t, τ)| ≤ M for all 

t, τ ∈ [0, T] [17]. Choose a ball BR = {X ∈ C[0, T]: ‖X − X0‖∞ ≤ R} and let LB be the Lipschitz constant of F on 

[X0 − R, X0 + R]. For any X, Y ∈ BR, we have 

Select T such that θ = MLBT < 1. Then 𝒯 is a contraction on BR. Moreover, for sufficiently small T, 𝒯 maps 

BR into itself. By the Banach fixed-point theorem, 𝒯 has a unique fixed point in BR, which is the desired 

solution. The Banach fixed-point theorem is a standard result in functional analysis (see, e.g., the approach in 

[2]). 

3.4|Global Existence 

The local solution can be extended to a maximal interval of existence [0, tmax ). Using standard continuation 

arguments for integral equations, the solution can be extended as long as it remains bounded. 

Theorem 2 (global existence). Under Condition (6) and X0 ≥ 0, the unique solution guaranteed by Theorem 

1 exists for all t ≥ 0 and satisfies 0 ≤ X(t) ≤ max{X0 , K}. 

Proof: First, note that F(0) = 0. Using comparison principles for fractional equations [8], one can show that 

X(t) ≥ 0 for all t ≥ 0 when X0 ≥ 0. 

For boundedness, observe that the logistic nonlinearity ensures bounded growth. If X(t) were to exceed 

max{X0, K}, then F(X(t)) would become negative, causing X(t) to decrease. This self-limiting behavior prevents 

blow-up in finite time. 

Since the solution remains bounded, by standard extension theorems for Volterra integral equations, the 

maximal interval of existence is [0, ∞). This extension argument follows principles similar to those for 

ordinary differential equations as discussed in [2]. 

(𝒯X)(t) = X0 + ∫  
t

0

 K(t, τ)F(X(τ))dτ (7) 

|F(x) − F(y)| ≤ LB|x − y|, ∀ x, y ∈ B, (8) 

LB = ρ (1 + 2sup
x∈B

 |x|/K)  

‖𝒯X − 𝒯Y‖∞ ≤ sup
t∈[0,T]

 ∫  
t

0

  |K(t, τ)‖F(X(τ)) − F(Y(τ))|dτ

 ≤ MLB ∫  
t

0

 ‖X − Y‖∞dτ

 ≤ MLBT‖X − Y‖∞
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  3.5|Remarks and Discussion 

I. The condition α + β > 1 is sufficient for integrability of the kernel and can be relaxed by working in weighted 

function spaces, but for most practical applications in biological modeling [12], this condition is reasonable. 

II. The fractal parameter β modifies the kernel's structure, influencing the solution's regularity and asymptotic 

behavior. For β = 1, we recover fractional models studied in [13], [19]. 

III. The existence and uniqueness results provide a solid foundation for numerical approximation methods such 

as those discussed in [7], [9]. 

IV. The proof technique is general and can be extended to other fractal-fractional models in epidemiology [10], 

[14] and biological systems [5], [8]. 

These results establish that the fractal-fractional logistic model is well-posed, ensuring its suitability for further 

analytical and numerical investigations of complex growth phenomena. 

4|Numerical Results 

4.1|Numerical Discretization 

For the numerical solution, we adopt a Caputo-type fractal-fractional derivative based on the Hausdorff 

fractal measure. Let tn = t0 + nh, where h > 0 is the uniform time step. The fractal derivative is approximated 

as 

By integrating the kernel of the Caputo operator exactly, the following discretization is obtained: 

4.2|Numerical Experiments 

To study the influence of both fractional memory ( α ) and fractal scaling ( β ), we tested three representative 

cases: 

Table 1. Representative cases used to investigate the effects of 

fractional memory (α) and fractal scaling (β). 

 

 

 

 

Fig. 1 illustrates the time evolution of the population X(t) for three parameter configurations. When α = 1 

and β = 1, the system follows the classical logistic growth pattern, where the population initially grows 

exponentially and then stabilizes as it reaches the carrying capacity K = 1. This behavior represents an 

idealized process without memory or structural complexity, where changes in population depend only on the 

current state. 

 

 

 

DβX(tk) ≈
Xk+1 − Xk

((k + 1)β − kβ)hβ
.   

CFFD0+
α,β

X(tn) ≈
1

Γ(2 − α)
h−(α+β−1) ∑  

n−1

k=0

[(n − k)1−α − (n − k − 1)1−α]((k + 1)β − kβ)(Xk+1 − Xk).  

Case 𝛂 𝛃 Description 

1 1.0 1.0 Classical logistic model 
2 0.8 1.0 Fractional memory only 
3 0.8 0.8 Combined fractional-fractal case 
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Fig. 1. Comparison of the classical, fractional, and 

fractal-fractional logistic models.  

The plots illustrate the temporal evolution of the normalized population X(t) for three different derivative 

types: 1) the classical integer-order case (α, β) = (1,1), 2) the fractional Caputo derivative (α, β) = (0.8,1), 

and 3) the Caputo-type fractal-fractional derivative (α, β) = (0.8,0.8). The decrease of α and β produces a 

slower growth rate and a delayed saturation, reflecting the memory and irregular temporal geometry of the 

system. 

For α = 0.8 and β = 1, the fractional derivative introduces a memory component into the system. In this 

case, the population growth depends not only on its present value but also on its past evolution. As a result, 

the increase in X(t) becomes more gradual, and the system requires a longer time to reach equilibrium. This 

behavior reflects a realistic biological scenario where the effects of past states, such as resource depletion or 

delayed responses, influence the rate of population change. 

When both parameters take fractional and fractal values, namely α = 0.8 and β = 0.8, the combined influence 

of memory and geometric complexity becomes evident. The fractal time scaling modifies the effective pace 

of temporal evolution, while the fractional order maintains the system's dependence on its history. Together, 

these effects generate the slowest approach to saturation, representing a population evolving in an 

environment with both long-term memory and irregular structural constraints. Quantitatively, the time 

required for the population to reach 90% of the carrying capacity K (denoted by t0.9 ) is summarized in Table 

1. 

As seen, t0.9 increases as the fractional and fractal effects become more pronounced, confirming the slower 

convergence observed in the numerical curves. Quantitatively, the time required for the population to reach 

90% of the carrying capacity K (denoted by t0.9 ) is summarized in Table 1. As seen, t0.9 increases as the 

fractional and fractal effects become more pronounced, confirming the slower convergence observed in the 

numerical curves. The numerical experiments demonstrate that: 

Table 1. Time required for the solution to reach 𝟗𝟎% of the carrying 

capacity (𝐭𝟎.𝟗) for different parameter configurations. 

 

 

I. The classical logistic growth is recovered when α = β = 1. 

II. Decreasing α introduces memory effects that slow the evolution. 

III. Decreasing β further modifies the timescale due to the fractal structure of time. 

Overall, the results confirm that the combined fractional operator is a powerful framework for modeling 

nonlinear dynamical systems that exhibit both memory and fractal temporal scaling properties. 

 (𝛂, 𝛃) = (𝟏, 𝟏) (𝟎. 𝟖, 𝟏) (𝟎. 𝟖, 𝟎. 𝟖) 

t0.9 4.1 6.8 9.5 
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  5|Conclusion 

This study compared classic, fractional, and fractal-fractional logistic models. Results indicate that 

incorporating fractional and fractal parameters enhances the models' capacity to reflect systems with memory 

effects and irregular temporal dynamics. The fractal-fractional model specifically shows slower convergence 

and more intricate dynamical behaviour relative to the traditional model. Future work will focus on validating 

these findings with real data and refining parameter estimation techniques to increase accuracy and efficiency. 

To address this duality, fractal-fractional derivatives combine nonlocal memory with a fractal measure of time, 

enabling models to simultaneously encode hereditary effects and local scaling irregularities.  

In the Caputo-type fractal-fractional formulation, the operator integrates a power-law memory kernel 

(parameterized by the fractional order α ∈ (0,1]) with a Hausdorff-inspired fractal index β ∈ (0,1] that 

reshapes the temporal metric. The resulting dynamics reflect both how strongly the past weighs on the present 

and how temporal increments are effectively stretched or compressed by a nonuniform geometry. This 

framework has been leveraged to study chaotic oscillators, anomalous diffusion, and epidemic processes with 

heterogeneity in contact patterns and reporting delays, illustrating its capacity to bridge local scaling anomalies 

with nonlocal memory in a unified calculus [5], [9], [16]. 
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  α ( 0 < α ≤ 1 )
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  f ( τ )
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  β


  α


   CFF CF  D   0 +  α , β f ( t ) =  1  Γ ( 1 − α )   ∫ 0 t   ( t − τ  )  − α  D β f ( τ ) d τ ,    D β f ( τ ) ≡  df  d  (  τ β )
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  α
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  X ( t )


   dX dt   = ρ X ( t )  ( 1 −   X ( t ) K ) ,  


   C C  D   0 + α X ( t ) = ρ X ( t )  ( 1 −   X ( t ) K ) , 0 < α ≤ 1 ,


     CFF  D   0 +  α , β X ( t ) = ρ X ( t )  ( 1 −   X ( t ) K ) , 0 < α , β ≤ 1 ,


  X ( 0 ) =  X 0 ∈ ( 0 , K )
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   CFF CF  D   0 +  α , β X ( t ) = ρ X ( t )  ( 1 −   X  ( t ) K ) ,   t > 0 .
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  0 < α , β ≤ 1


  ρ , K > 0


   CFF  α , β  D   0 +  α , β ( t ) =  1  Γ  ( 1 − α )   ∫ 0 t     ( t − τ  )  − α  D β f ( τ ) d τ ,    D β f ( τ ) ≡  df  d  (  τ β ) .  
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     CFF  D   0 +  α , β


  X  ( t ) =  X 0 +   ∫ 0 t     K  ( t , τ ) F  ( X  ( τ ) ) d τ ,   t ∈  [ 0 , T ] ,


  F ( X ) = ρ X ( 1 − X / K )


  K ( t , τ )


  K  ( t , τ ) =  β  Γ  ( α )  [  t  β − 1 ( t − τ  )  α − 1 − ( β − 1 )   ∫ 0  t − τ     ( u + τ  )  β − 2  u  α − 1 du ] .


  τ = t


  ( t − τ  )  α − 1


  0 < α < 1


  α + β > 1


  K ( t , τ ) ∈  L 1 ( [ 0 , T ] × [ 0 , T ] )
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  ‖ X  ‖ ∞ =  sup  t ∈ [ 0 , T ]   | X ( t ) |


  𝒯 : C [ 0 , T ] → C [ 0 , T ]


  ( 𝒯 X ) ( t ) =  X 0 +   ∫ 0 t     K ( t , τ ) F ( X ( τ ) ) d τ
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  B ⊂ ℝ


   L B


   | F  ( x ) − F  ( y ) | ≤  L B  | x − y | ,   ∀   x , y ∈ B


   L B = ρ  ( 1 + 2  sup  x ∈ B   | x | / K )
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  t , τ ∈ [ 0 , T ]


   B R = { X ∈ C [ 0 , T ] : ‖ X −   X 0  ‖ ∞ ≤ R }
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  X , Y ∈  B R


     ‖ 𝒯 X − 𝒯 Y  ‖ ∞    ≤  sup  t ∈ [ 0 , T ]     ∫ 0 t     | K ( t , τ ) ‖ F ( X ( τ ) ) − F ( Y ( τ ) ) | d τ      ≤ M  L B   ∫ 0 t     ‖ X − Y  ‖ ∞ d τ      ≤ M  L B T ‖ X − Y  ‖ ∞
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  𝒯


   B R


  T , 𝒯


   B R


  𝒯


   B R


   [ 0 ,  t  max  )
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  [ 0 , ∞ )


  α + β > 1
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  β = 1


   t n =  t 0 + nh


  h > 0


   D β X  (  t k ) ≈    X  k + 1 −  X k   ( ( k + 1  ) β −  k β )  h β .  


   CFFD  0 +  α , β X  (  t n ) ≈  1  Γ  ( 2 − α )  h  −  ( α + β − 1 )   ∑  k = 0  n − 1    [ ( n − k  )  1 − α − ( n − k − 1  )  1 − α ]  ( ( k + 1  ) β −  k β )  (  X  k + 1 −  X k ) .
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  𝟗 𝟎 %


    𝐭  𝟎 . 𝟗


  ( 𝛂 , 𝛃 ) = ( 𝟏 , 𝟏 )


  ( 𝟎 . 𝟖 , 𝟏 )


  ( 𝟎 . 𝟖 , 𝟎 . 𝟖 )
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